
Chapter 4

Euclidean Geometry

Based on previous 15 axioms, The parallel postulate for Euclidean geometry is added in this
chapter.

4.1 Euclidean Parallelism, Existence of Rectangles

Definition 4.1 Two distinct lines ` and m are said to be parallel ( and we write `‖m) iff
they lie in the same plane and do not meet.

Terminologies:
1. Transversal: a line intersecting two other lines.
2. Alternate interior angles
3. Corresponding angles
4. Interior angles on the same side of transversal

56
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Theorem 4.2 (Parallelism in absolute geometry) If two lines in the same plane are
cut by a transversal to that a pair of alternate interior angles are congruent, the lines are
parallel.

Remark: Although this theorem involves parallel lines, it does not use the parallel postulate
and is valid in absolute geometry. Proof: Assume to the contrary that the two lines meet,
then use Exterior Angle Inequality to draw a contradiction. 2

The converse of above theorem is the Euclidean Parallel Postulate.

Euclid’s Fifth Postulate of Parallels
If two lines in the same plane are cut by a transversal so that the sum of the measures of a
pair of interior angles on the same side of the transversal is less than 180, the lines will meet
on that side of the transversal.

In effect, this says

If m∠1 + m∠2 6= 180, then ` is not parallel to m
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It’s contrapositive is

If `‖m, then m∠1 + m∠2 = 180( or m∠2 = m∠3).

Three possible notions of parallelism

Consider in a single fixed plane a line ` and a point P not on it. There are three logical
cases:
(1) There exists no line through P parallel to `.
(2) There exists exactly one line through P parallel to `.
(3) There exists more than one line through P parallel to `.

In Euclidean Geometry, (2) is true. But in fact, both projective geometry and spherical
geometry satisfy case (1), and hyperbolic geometry satisfies case (3).

We formally state the Euclidean Hypothesis (2) as our last axiom for Euclidean geometry.

Axiom 4.3 (Euclidean Parallel Postulate) If ` is any line and P any point not on `,
there exists in the plane of ` and P one and only one line m that passes through P and is
parallel to `.

Theorem 4.4 If two parallel lines are cut by a transversal, then each pair of alternate
interior angles are congruent.

Proof: Assume to the contrary, then use the parallel postulate to draw a conclusion. 2
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Corrolary 4.5 (The C property) If two lines in the same plane are cut by a transversal,
then the two lines are parallel iff a pair of interior angles on the same side of the transversal
are supplementary.

Corrolary 4.6 (The F property) If two lines in the same plane are cut by a transversal,
then then the two lines are parallel iff a pair of corresponding angles are congruent.

Corrolary 4.7 (The Z property) If two lines in the same plane are cut by a transversal,
then the two lines are parallel iff a pair of alternate angles are congruent.

Corrolary 4.8 If a line is perpendicular to one of two parallel lines, it is perpendicular to
the other also.

Theorem 4.9 (Euclidean Exterior angle Theorem) The measure of an exterior angle
of any triangle equals the sum of the measures of the two opposite interior angles.

Corrolary 4.10 (Angle sum theorem in Euclidean geometry) The sum of the mea-
sures of the angles of any triangle is 180.

We list a few other basic results:
1. The acute angles of any right angle are complementary angles.
2. The sum of the measures of the angles of any convex quadrilateral is 360.
3. Rectangles exist in Euclidean geometry, and any Saccheri Quadrilateral or Lambert
Quadrilateral is a rectangle.
4. Squares exist in Euclidean geometry.

Example 4.11 In the following figure, the line segment joining the midpoints L and M of
two sides of ∆ABC is extended to point P , such that M is also the midpoint of LP . Prove

that line
←→
PC is parallel to

←→
AB.
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Theorem 4.12 (The Midpoint Connector Theorem) The segment joining the mid-
points of two sides of a triangle is parallel to the third side and has length one-half that of
the third side.

Proof: Use similar construction as in above exercise. 2

Corrolary 4.13 If a line bisects one side of a triangle and is parallel to the second, it also
bisects the third side.

4.2 Parallelograms and Trapezoids: Parallel Projec-

tion

Definition 4.14 A convex quadrilateral 3ABCD is called a parallelogram if the opposite
sides AB, CD and BC, AD are parallel. A Rhombus is a parallelogram having two adjacent
sides congruent. A square is a rhombus having two adjacent sides perpendicular.

Theorem 4.15 A diagonal of a parallelogram divides it into two congruent triangles.

Corrolary 4.16 The opposite sides of a parallelogram are congruent. Opposite angles are
also congruent, while adjacent angles are supplementary.

We list some properties of parallelograms:

1. If a convex quadrilateral has opposite side congruent, it is a parallelogram.

2. If a convex quadrilateral has a pair of sides that are both congruent and parallel, it is
a parallelogram.

3. The diagonals of a parallelogram bisect each other. Conversely, if the diagonals of a
convex quadrilateral bisect each other, the quadrilateral is a parallelogram.

4. A parallelogram is a rhombus iff its diagonals are perpendicular.

5. A parallelogram is a rectangle iff its diagonals are congruent.

6. A parallelogram is a square iff its diagonals are both perpendicular and congruent.

Definition 4.17 A trapezoid is a (convex) quadrilateral with a pair of opposite sides par-
allel, called the bases, and the other two sides, the legs. The segment joining the midpoints
of the legs of a trapezoid is called the median. A trapezoid is said to be isosceles iff its legs
are congruent and if it is not an oblique parallelogram (one having no right angles).
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Remark: A parallelogram is a trapezoid.

Theorem 4.18 (Midpoint-connector theorem for trapezoid) If a line segment bisects
one leg of a trapezoid and is parallel to the base, then it is the median and its length is one-
half the sum of the lengths of the bases. Conversely, the median of a trapezoid is parallel to
each of the two bases, whose length equals one-half the sum of the lengths of the bases.

Parallel Projections
Given two lines ` and m, see the following picture

We want to prove:( invariant betweeness under parallel projection or “rations are preserved
under parallel projection”)

PQ

QR
=

P ′Q′

Q′R′

case 1: If `‖m, then the equality holds trivially.
case 2: Assume ` ∩m = {P}, forming a triangle ∆ABC.
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then it suffices to prove (EF‖BC)
AE

AB
=

AF

AC

(why? by algebra)

Lemma 4.19 In ∆ABC, with E and F points on the sides, if EF is not parallel to BC,
then AE

AB
6= AF

AC
. Proof: Use Archimedean Principle of real numbers. 2

Corrolary 4.20 If AE
AB

= AF
AC

, then EF‖BC.

Theorem 4.21 (The side-splitting theorem) If a line parallel to the base BC of ∆ABC
cuts the other two sides AB and AC at E and F , respectively, then

AE

AB
=

AF

AC

or
AE

EB
=

AF

FC

Proof: Use the above corollary. 2

Example 4.22 In the following figure, DE‖BC and certain measurements are as indicated
in each case.
a) Find x
b) Find y and z if you are given that AD = DE.
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Example 4.23 In the following figure, DE‖BC and certain measurements are as indicated.
Find x and y.

4.3 Similar Triangles, Pythagorean Theorem, Trigonom-

etry

Definition 4.24 Two polygons P1 and P2 are said to be similar, denoted P1 ∼ P2, iff
under some correspondence between their vertices, corresponding angles are congruent, and
the ratio of the lengths of corresponding sides is constant (= k). The number k is called the
constant of proportionality, or scale factor, for the similarity. (when k = 1, the two
polygons are congruent).

Remark: 1. Polygons having the same shape and size are congruent. If they have the same
shape, but not the same size, they are merely similar.
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2. Similar triangles only exist in Euclidean geometry. in non-Euclidean geometry, similar
triangles do not exist, unless they are congruent.

Lemma 4.25 Consider ∆ABC with D and E on sides AB and AC. if DE‖BC then

AD

AB
=

AE

AC
=

DE

BC

The lemma immediately implies
∆ABC ∼ ∆ADE

Theorem 4.26 (AA similarity criterion) If, under some correspondence, two triangles
have two pairs of corresponding angles congruent, the triangles are similar under that corre-
spondence.

Theorem 4.27 (SAS similarity criterion) If in ∆ABC and ∆XY Z we have AB/XY =
AC/XZ and ∠A ∼= ∠X, then ∆ABC ∼ ∆XY Z.

Theorem 4.28 (SSS similarity criterion) If in ∆ABC and ∆XY Z we have AB/XY =
AC/XZ = BC/Y Z, then ∠A ∼= ∠X, ∠B ∼= ∠Y , ∠C ∼= ∠Z, and ∆ABC ∼ ∆XY Z.

Example 4.29 In the following figure, determine as many missing angles or sides (their
measures) as possible without using trigonometry.
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Example 4.30 In the following figure, ∆ABC and ∆ADB are both isosceles triangles
(AB = AC and AD = BD).
(a) Prove the two triangles are similar and establish the relation

AB2 = BC ·BD

(2) If m∠B = 70, find m∠D.

The pythagorean theorem derived from similar triangles
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For a right triangle ∆ABC,

we have
(a) Pythagorean Theorem

a2 + b2 = c2

(b) First relation for altitude to hypotenuse-The geometric principle

h2 = c1c2

The measure of the altitude of a right triangle to the hypotenuse equals the geometric mean
of the measures of the segments it cuts off on the hypotenuse. (c) Second relation for altitude
to hypotenuse

h =
ab

c

(4)
a2

b2
=

c1

c2

(5)
a2 − b2 = c2

1 − c2
2

Proof: Note the three right triangles are similar. (why?) 2

Example 4.31 In the following figure, three adjacent right triangles, with the measurements
of their sides as indicated.
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(a) Show that the three triangles are each similar to a 3-4-5 right triangle.
(b) Show that several numbers in the figure are geometric means of other numbers appearing.
100 =

√
80 · 125, 60 =

√
75 · 48 80 =

√
64 · 100

The trigonometry of right triangles
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4.4 Right Triangle Trigonometry

c 

a 

b 

θ 

C 

A 

B 

θ is an Acute angle: if 0o < θ < 90o

Trigonometric functions of acute angles

sin θ =
opposite

hypotenuse
=

b

c
cos θ =

adjacent

hypotenuse
=

a

c
tan θ =

opposite

adjacent
=

b

a

csc θ =
hypotenuse

opposite
=

c

b
sec θ =

hypotenuse

adjacent
=

c

a
cot θ =

adjacent

opposite
=

a

b

Remark: The definitions of sin, cos, tan can be memorized as “SOHCAHTOA”.
Reciprocal identities

csc θ =
1

sin θ
sec θ =

1

cos θ
cot θ =

1

tan θ

and Quotient identities

tan θ =
sin θ

cos θ
cot θ =

cos θ

sin θ

Remark:
1)

| sin θ| ≤ 1 | cos θ| ≤ 1, for anyθ ∈ R
2)

| sec θ| ≥ 1 | csc θ| ≥ 1, for anyθ ∈ R
3) If θ is acute, namely, 0 < θ < 90o, then all trigonometric functions of θ are positive.

Pythagorean identities
sin2 θ + cos2 θ = 1
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1 + tan2 θ = sec2 θ

1 + cot2 θ = csc2 θ

Remark: The previous definitions of trig functions are for angle 0 < θ < 90. We also make
the following definitions for angle 0 < θ < 180:
(1) sin(1800 − θ) = sinθ
(2) cos(180o − θ) = − cos θ
The nest set of definitions are due to continuity consideration.
(3) sin 0o = 0 sin 900 = 1 sin 180o = 0
(4) cos 0o = 1 cos 900 = 0 cos 180o = −1

Theorem 4.32 For a triangle with sides a, b, c and opposite angles α, β, γ, respectively,
then

sin α

a
=

sin β

b
=

sin γ

c

where, a is opposite to α, b is opposite to β, and c is opposite to γ.

Note
α + β + γ = 1800

Proof:Outline:
1. Need to distinguish three cases:
case 1: A < 90 and B < 90.
case 2: A < 90 and B ≥ 90.
case 3: A ≥ 90 and B < 90.

2. Construct an altitude of length h from one of the vertices of a triangle. Repeat this from
another different vertex. 2

4.5 The law of cosines

Theorem 4.33 For a triangle with sides a, b, c and opposite angles α, β, γ, respectively,

c2 = a2 + b2 − 2ab cos γ

b2 = a2 + c2 − 2ac cos β

a2 = b2 + c2 − 2bc cos α

Proof:Outline:
1. Need to distinguish three cases:
case 1: A < 90 and B < 90.
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case 2: A < 90 and B ≥ 90.
case 3: A ≥ 90 and B < 90. 2. Use Pythagorean theorem and cosine relation.

Another method:
Outline: Place the triangle in a x−y coordinate system with one vertex at the origin and one
side on the positive x-axis. Find the coordinates of each vertex, and using distance formula.
2

Example 4.34 Use the Law of Sines to prove that if
−−→
AD is the angle bisector or ∠A in

∆ABC, then
AB

AC
=

BD

DC

Apply the Law of Sines to ∆ABD and ∆ADC.

Example 4.35 The Cevian Formula Use the Law of Cosines to prove that for any triangle
∆ABC, if d is the length of the line segment CD (called a cevian) and p = AD/AB,
q = DB/AB, then d is given in terms of the side lengths a, b and c by the formula

d2 = pa2 + qb2 − pqc2
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Solutions: Apple the Law of cosines to ∆CDB and ∆ADC for a and b.

From the above formula, we readily have the formula for the length of a median of a
triangle (p = q = 1

2
).

d =

Ê
1

2
a2 +

1

2
b2 − 1

4
c2

Example 4.36 Use the formula for the length of a median to verify that in the right triangle
∆PWY , the midpoint of the hypotenuse of a right triangle is equidistant from the three
vertices.

Question: Is this true for any right triangle?

4.6 Regular Polygons and Tiling

Regular polygons in absolute geometry
Existence Construction.



Yi Wang Chapter 4. Euclidean Geometry 72

Definition 4.37 An n-sided polygon, or n-gon, for any integer n ≥ 3 is the closed union
of line segments

P1P2 ∪ P2P3 ∪ P3P4 ∪ · · · ∪ Pn−1Pn ∪ PnP1

with vertices P1, P2, P3, · · · , Pn, and sides PiPi+1, PnP1 for 1 ≤ ilen − 1, where no three
consecutive vertices Pi, Pi+1, P i + 2 (1 ≤ ilen) with Pn+1 = P1, Pn+2 = P2 are collinear
and no two sides meet except at vertices.
Two sides are adjacent if they share a common endpoint.
An angle of the polygon is any of the n angles formed by three consecutive vertices, ∠PiPi+1Pi+2.
If the polygon is completely contained by the sides and interior of each of its angles,it is said
to be convex.
A regular polygon is a convex polygon having congruent sides and congruent angles.
The radius of a regular polygon is the radius of the circle O passing through its vertices,
called the circumscribed circle, and point O is called the center of the polygon.

Theorem 4.38 Any regular polygon having n sides, n ≥ 3, exists, and may be inscribed in
any given circle.

Outline of proof:
1. Since we can construct angles with any given measure. It is easy to construct a regular
n-gon with radius r.
2. Show all the sides and angles are congruent respectively.
Regular Polygons in Euclidean Geometry

Theorem 4.39 In Euclidean geometry, the angle sum of a convex n-gon is 180(n− 2).

Corrolary 4.40 (a) Each interior angle of a regular polygon has measure

φ =
180(n− 2)

n

(b) The sum of the measures of the exterior angles of any convex n-gon, taken in the same
direction, is 360.
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Remark: As you proceed around the polygon, the measure of each exterior angle gives the
amount of rotation necessary in passing from one side to the next.
Classical Construction of Regular Polygons using only compass and straight-edge

Theorem 4.41 (Theorem of Gauss on Regular Polygons) A regular n-gon may be
constructed with the Euclidean tools iff n is either a power of two, or the product of a power
of two and distinct Fermat primes, that is, distinct primes of the form

Fm = 22m

+ 1.

Remark:
1. Fermat conjectured that Fm is prime for any m, which is false. Example:

F5 = 4, 294, 987, 297 = 641× 6, 700, 417

It is known that Fm is a composite (not a prime) for 5 ≤ m ≤ 16, and it is believed that for
m > 16, Fm is never prime.
2. The largest vale for which Fm is known to be prime are

F3 = 257

and
F4 = 65, 537

3. Note
F0 = 3, F1 = 5, F2 = 17

4. For n ≤ 20, the values of n which yield constructible n-gons are

n = 3, 4, 5, 6, 8, 10, 12, 15, 16, 17, 20
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one can not construct 45 sided regular polygon using only Euclidean tools since n = 45 =
33 × 5
5. One can easily construct a regular 3-gon.

from this, after bisecting an angle of measure 60, we can construct 6-gon and 12-gon.
6. The regular n-gons for n = 4, 8, 16 are obtained by constructing a right angle and the
bisection a right angle and the half-angle obtained from that.
7. The construction of the regular pentagon involves the Golden Ratio (Problem 15, Section
4.3 and Problem 16 and 17 Section 4.4). From that we can obtain the regular 10-gon and
20-gon.
8. For n = 15

møCD = múABD −múABC = 2.
�

360

5

�
− 360

3
= 24

the required angle measure for the central angle of a 15-sided regular polygon.

9. For n = 17, see some reference.



Yi Wang Chapter 4. Euclidean Geometry 75

10. n = 7(corresponding to regular heptagon) is the least number of sides for which there
is no Euclidean construction.

Corrolary 4.42 An angle of measure 60 cannot be trisected using a compass and straight-
edge.

Proof: suppose that m∠A = 20 and that is has a finite step construction by compass/straight-
edge. Then an 18 sided regular polygon could be constructed. But 18 = 2 × 32, a prime
factorization with the Fermat prime 3 repeated, not allowed by Theorem 3. 2

Tiling and Plane Tesselations Fact: Johann Kepler observed (in 1619) that the only
regular polygons that can be used to tile the plane are the equilateral triangle, square, and
regular hexagon.

Definition 4.43 In general, a tiling or tesselation of the plane is a collection of regions
T1, T2, · · · , Tn, · · · , called tiles (usually polygons and their interiors), such that

1) No two of the tiles have any interior points in common
2) the collection of tiles completely covers the plane. we also require that all tilings by polygons
be edge to edge, that is, each edge of a polygon in the tiling must be an edge of one of its
neighbors.

Remark: A tiling normally required to have certain regularity properties, such as restricting
all tiles to be regular polygons, requiring the tiles to be congruent to a single tile, etc.

Definition 4.44 If all the tiles in a plane tiling are congruent to a single region, the tiling is
said to be elementary of order one (or, simply, elementary) and the single region is called
the fundamental region or prototile of the tiling. If the tiles are each congruent to one of
n tiles T1, T2, · · · , Tn (also called fundamental regions), the tiling is called elementary of
order n. If all the fundamental regions are regular polygons, then it is called semiregular
tiling.
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Question 1: Whether a given two-dimensional figure, such as a polygon region, can serve as
a fundamental region for an elementary tiling (of order one)?
Question 2: What regular polygons can serve as the fundamental region for an elementary
tiling?
Solutions: Suppose that n-sided regular polygon, n ≥ 3 is such a fundamental region. If there
are k of these polygons at each vertex, then we must have

kθ = 360

where θ = n−2
n

180 is the measure of each interior angle of the regular polygon. That is

k =
2n

n− 2

If k is an integer, then the solutions are n = 3, 4, 6.

Question 3: Look for higher order semiregular tilings

For example: Fundamental regions: regular dodecagon(12-gon)+regular hexagon+square

Other examples:
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Definition 4.45 For semiregular tilings, vertices are said to be the same type if the set
of polygons surrounding each vertex is the same.

More examples:

1) The left tiling is of order two, and one of the fundamental region is not a regular polygon
( a rhombus). The other fundamental region is a polygon.
2) The right tiling is of order five, ( regular pentagon+ rhombus+ decagon+ pentagonal star).
Note that it has five types of vertices.

4.7 The Circle Theorems

Lemma 4.46 If ∠ABC is an inscribed angle of circle O and the center of the circle lies on
one of its sides, then m∠ABC = 1

2
møAC.
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Proof: See the following picture.

2

Theorem 4.47 (Inscribed angle Theorem) The measure of an inscribed angle of a cir-
cle equals one-half that of its intercepted arc.

Proof: 1. Let ∠ABC be an inscribed angle of circle O. There are three cases:
1) O lies on one of the sides of the angle; (Lemma)
2) When O ∈ Interior ∠ABC
3) When O ∈ Exterior ∠ABC. 2. See the following picture.

2

Example 4.48 In the following figure, find m∠ABC.
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Example 4.49 Find m∠ABC in the following figure.

Corrolary 4.50 An angle inscribed in a semicircle is a right angle.

Remark: Conversely, a right angle is always an inscribed angle of a semicircle with diameter
joining any two points on its sides. That is, the midpoint of the hypotenuse of a right triangle
is the center of a circle passing through its vertices.

Corrolary 4.51 The locus of a point P that lies on one side of a line AB such that m∠APB
remains constant is the arc of a circle with end points A and B.

Proof: See the picture
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(⇒) If P lies on the arc of a circle, then m∠APB =constant, follows from previous Theorem
4.47.
(⇐) need to show if m∠APB = m∠AP ′B, then P ′ lies on the arc. Assume P ′ is not on
the arc and exterior to the circle. Let Q be the point where AP ′ intersects the circle. then
m∠APB = m∠AQB > m∠AP ′B, which is a contradiction. Similarly one can show P ′ can
not be interior to the circle. 2

Corrolary 4.52 See the picture

1) An angle whose vertex lies inside a circle and is formed by intersecting chords of the circle
(intercepting arcs of measure x and y ) has measure θ = 1

2
(x + y).

2) An angle whose vertex is exterior to a circle and is formed by intersecting secants of the
circle (intercepting arcs of measure x and y ) has measure θ = 1

2
|x− y|.

3) An angle formed by a chord and tangent of a circle, with its vertex at the point of tangency
and intercepting an arc of measure x on that circle has measure θ = 1

2
x.

Proof of 3)
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Hint:draw a diameter through the point of tangency.

Theorem 4.53 (Two-chord Theorem) When two chords of a circle intersect, the prod-
uct of the lengths of the segments formed on one chord equals that on the other chord. That
is, in the following figure,

AP · PB = CP · PD

Proof: Note ∆PAC ∼ ∆PDB. 2

Theorem 4.54 (Secant-Tangent Theorem) If a secant
←→
PA and tangent

←→
PC meet a

circle at the respective points A,B, and C (point of contact), then in the following figure,

PC2 = PA · PB
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Proof: Note ∆PAC ∼ ∆PBC. 2

Corrolary 4.55 (Two-secant Theorem) If two secants
←→
PA and

←→
PC meet a circle at the

respective points A,B, C and D, then in the following figure,

PA · PB = PC · PD

Proof: See the following picture
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Draw a tangent from P and apply the Secant-Tangent Theorem twice. 2

Example 4.56 A kite 3ABCD has perpendicular struts meeting at E such that AE = 2
and EC = 8. What must the length of strut BD equal for the corners of the kite to exactly
fit on a circle?

Answers: x = 8.


